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^Cj ■ Abstract 

In this paper, we study generalized quantum operations and almost sharp 
quantum effects, our results generalize and improve some important conclu- 



sions in [2] and [3]. 
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passed away accidently on July 1, 2009. Shen Jun made great contribu- 
tions in sequential effect algebra theory. He solved four open problems 



O 

> 

which were presented by Professor Gudder in International Journal of 
Theoretical Physics, 44 (2005), 2199-2205. 

1. Introduction 

Let H be a Hilbert space, B(H) be the set of bounded linear operators on H, P(H) 
be the set of projection operators on H, T(H) be the set of trace class operators on 
H, and T = {A a , A* a } aS A be a set of operators, where A a G B(H) satisfy A a A* a < 
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/. A map $r : B(H) — > B(H); B i — ► Yl,A a BA* a is called a generalized quantum 

a 

operation. Each element of Y — {A a , A^} ae \ is said to be a operation element of 
$r- If B > 0, then it is obvious that E A a BA* a converges in the strong operator 

a 

topology, so J2 A a BA* a converges in the strong operator topology for any B 6 B(H). 

a 

If $ r (-0 = E A*-4« = J, then <3> r is said to be unital, if £ A* A a = /, then $ r is said 
to be irace preserving, if E A* a A a < I, then $ r is said to be trace nonincr easing, if 
A* = A a for every a, then $r is said to be self-adjoint. 

The set of fixed points of $ r is £(#)* r = {B e 5(fT) | $ r (#) = 5}. Obviously 
B(H)® V is closed under the involution *. The commutant T' = {5 e B(H) \ BA a = 
A a B, BA* a = A* a B, a e A} of T is a von Neumann algebra. 

Quantum operations frequently occur in quantum measurement theory, quantum 
probability, quantum computation, and quantum information theory ([1]). If an 
operator A is invariant under the quantum operation $ r , in physics, it implies that 
A is not disturbed by the action of $r- So, the following problem is interesting and 
important: if A is a $r-fi x ed point, is A commutative with each operation element 
of $r? In general, the answer is not and some sufficient conditions under which the 
answer is yes were given ([2]). 

On the other hand, quantum effects are represented by operators on a Hilbert 
space H satisfying that < A < I, and sharp quantum effects are represented 
by projections. An quantum effect A is said to be almost sharp if A = PQP for 
projections P and Q ([3]). In [3], some characterizations of almost sharp quantum 
effects were obtained. 

In this paper, we generalize some theorems in [2] from quantum operations to 
generalized quantum operations, from unital to not necessarily unital, and from 
trace preserving to trace nonincreasing, we also generalize some results in [3] and 
give some more characterizations for almost sharp quantum effects. 

2. Generalized quantum operations 
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Lemma 2.1. If $r is a generalized quantum operation, B, BB* G B(H)^ V , then 
SA a = A a B for every a. 

Proof. Since £ G B(H)* r , we have G B(H)® r . Let we denote [B,AJ = 
BA a - A a B. Note that < [5, [5, AJ* = (BA Q - A a S)(^ J B* - B*A* a ) = 
BA a A* a B* + A a BB*A* a - A a BA* a B* - BA a B*A* a . 

Thus < E[B,A a ][B,A a ]* = B(EA a A* a )B* + $ r (BB*) - $ r (B)B* - 

a a 

B<S> r (B*) = B(J2A a A* a )B* - BB* < 0. 

a 

So we conclude that [B, A a ] = for every a. That is, BA a = A a B for every a. 

Theorem 2.1. If <3>r is a generalized quantum operation, B,B*B,BB* G 
B(H)*r, then 5 G P\ 

Proof. By Lemma 2.1, BA a = A a B for every a. Since £ G B(H) il ' r , we have 
5* G B(H)* r . Thus by Lemma 2.1 again, B*A a = A a B* for every a. Taking 
adjoint, we have BA* a = A* a B for every a. So we conclude that B G T'. 

Theorem 2.2. If $ r is a self-adjoint generalized quantum operation, B, BB* G 
B(H)* r , then 5 G V. 

Proof. By Lemma 2.1, BA a = A a B for every a. Since A* a = A a for every a, 
we conclude that B G T'. 

We denote the set of selfadjoint elements in B(H)* r by Re(B(H)® r ). 
Theorem 2.3. If $r is a generalized quantum operation, then the following 
conditions are all equivalent: 

(1) B(H)^ C r'; 

(2) If B G B(H)® r , then 5*5 G B(H)* r ; 

(3) If 5 G Re(B(Hfr), then 5 2 G £(#)* r . 

Proof. (1)^(2): If 5 G B(H)* r , then 5 G T'. Thus B* G L". So $ r (S*S) = 
Y,A a B*BA* a = B* A a BA* a = B*$ r (B) = B*B. Thus B*B G B(H)* r . 

a a 

(2) =>-(3) is obvious. 

(3) ^(1): By Theorem 2.1, If B G Re(B(H)* r ), then B G V. That is, 
Re(B(H)® T ) C r'. Since B(H)^ V is closed under the involution *, we conclude 
that B(H)* r C r'. 
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Lemma 2.2. If {Cp}^ C B(H), {Cp}p is a nondecreasing net of positive 
operators converging to some Co G B(H) in the strong operator topology, then 
tr(Cfs) — > tr(C ), here the trace function tr(-) can take value +00. 

Proof. Since < Cp < C , we have tr(Cp) < tr(C Q ). 

For any constant £ < tr(Co) = Y (CoX 7 ,:r 7 ) ( here {x 7 } 7£j p is an orthonormal 

7G-F 

bases of H), there exists a finite subset Fq C F such that ^ < Y (Co:r 7 ,a; 7 ). Since 

-y£F 

Y {CpXj,Xj) — > Y (CoX^,Xj), we have tr(Cp) > Y {CpXj,Xj) > £ for all 
sufficiently large (3. Thus tr(Cp) — ► tr(C ). 

Theorem 2.4. Let $r be a trace nonincreasing generalized quantum operation, 
B G T(H)+, then $ r (B) G and ir($ r (£)) < *r(B). 

Proof. Let F be a finite subset of A, then tr( Y A a BA* a ) = tr( Y A* a A a B) <|| 

a£F a£F 

Y A* a A a || tr(B) < tr(B). Ordering all such F by including, { £ A a BA* a } F is 
a nondecreasing net of positive operators converging to $r(-B) in the strong oper- 
ator topology. So by Lemma 2.2 we have tr( Y A a BA* a ) — ► tr(& r (B)). Thus 
tr{$ r {B)) < tr(B). 

A generalized quantum operation <3> r is faithful if for any _B G B(H), &r(B*B) = 
implies 5 = 0. 

Theorem 2.5. Let $r be a trace preserving generalized quantum operation. 
We have 

(1) . $ r is faithful. 

(2) . If B G T(H), then $ r (£) G T(ff) and ir($ r (#)) = tr(B). 

Proof. (1). Suppose £ G 5(5), $ r (£*£) = 0. Then YA a B*BA* a = 0. So 

a 

BA* a = for every a. Thus B = BY A* a A a = 0. 

(2). Firstly we suppose B G T(ff) + . By Theorem 2.4 we have $ r (B) G T(H) + . 
Let F be a finite subset of A, ordering all such F by including, { Y A a BA* a } F is a 
nondecreasing net of positive operators converging to $r(-B) in the strong operator 
topology. So by Lemma 2.2 we have tr( Y A a BA* a ) — ► tr($r(B)). 

a£F 

Since $ r is trace preserving, { Y BzA* a A a B2} F is a nondecreasing net of pos- 

a£F 

itive operators converging to B in the strong operator topology. So by Lemma 2.2 
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we have tr( E B^A* a A a B^) — ► tr(B). But tr{ E A a BA* a ) = tr( E B^^Bs) 
for every F, so we conclude that tr(&r(B)) = tr(B). By linearity the result for 
arbitrary B G T(H) now follows. 

The next Lemma 2.3 is from [4], it is presumed in [4] that all linear maps on 
C*-algebras preserve the identity, we modify the proof slightly such that it suit for 
our need. 

Lemma 2.3. If 3?i, 3ft 2 are C*-algebras, (ft : 3?i — > 3? 2 is a 2-positive linear 
map, ||0(7)|| < 1, then (ft(C*C) > (p(C)*(p(C) for every CeSj. 



Proof. Let T 



^ C* ^ 



V 



G M 2 (3?i) = Ki <g) M 2 , here M 2 denote the C* 



C 

algebra of 2 x 2 complex matrices. Then T = T 

Since (ft <g) 1 2 : M 2 (3?i) — >■ M 2 (K 2 ) is a positive linear map and 
[5] Theorem 1 we have ((ft 1 2 )(T 2 ) > (((ft <g> 1 2 )(T)) 2 . 

,(0®1 2 )(T 2 )= n 

o cc* j ^ o 0(cc*) y 



1 2 || < 1, by 



While T 2 



I 

V 



(0®1 2 )(T) 



(ft(C*) 



V 0(C) o 

Thus (ft(C*C) > <f>{C)*<f>{C). 



,(mu)(T)f 



cft(cycft(c) o 
o <ft(C)cft(cy 



It is easy to see that a generalized quantum operation is completely positive and 
satisfies the conditions in Lemma 2.3. 

An operator W G T(H) is faithful if for any A G B(H) + , tr(W*AW) = implies 
A = 0. 

Theorem 2.6. Let $r be a trace nonincreasing generalized quantum operation. 
We have 

(1) . B{H)*r n T(H) CT'n T(H); 

(2) . If dim(H) < oo, then B(H)^ C T'; 

(3) . If there exists a faithful operator G n V , then £(#) $r C r". 
Proof. (1). Suppose B G B(H)^ n T(ff). Thus £*B G T(if)+. By 

Lemma 2.3 we have $ r (B*B) > $ r (B)*$ r (B) = B*B. By Theorem 2.4 we have 
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$ r (B*B) G T(H)+ and tr($r(B*B)) = tr(B*B). That is, tr($ r (B*B) - B*B) = 0. 
So $ r (B*B) = B*B. We conclude that B*B G B(H)^ V . Since B(H)^ is 
closed under the involution *, we also have B* G B(H)® r n T(H). Similarly 
we have BB* G B(H)® r . By Theorem 2.1, We conclude that 5 G L". That is, 

b(h)*t n r(/T) cm r(fT). 

(2) follows from (1) immediately. 

(3) . Suppose B G B{H)*r. By Lemma 2.3 we have $ r (B*B) > $ T (B)*$ r (B) = 
B*B. Thus By Theorem 2.4 we have 

< tr(W*(<Z> r (B*B) - B*B)W) 

= tr(W*$ r (B*B)W) - tr(W*B*BW) 

= tr{$ v {W*B*BW)) - tr(W*B*BW) < 0. 

So tr(W*(<$> T (B*B) - B*B)W) = 0. Since W is faithful, we conclude that 
$ r (£*£) = B*B. That is, B*B G B(H)® r . Since B(H)^ is closed under the 
involution *, we also have B* G B(H)® T . Similarly we have BB* G B(H)® T . By 
Theorem 2.1, we conclude that B G V. That is, B{H)* r C F. 

The next theorem is a direct corollary of Theorem 2.6 (2), but we give a simple 
elementary proof instead. 

Theorem 2.7. Let $r be a generalized quantum operation, T = {A a , A* a } ae A 
is commutative and dim(H) < oo, then B(H)® r C T'. 

Proof. By Theorem 2.5.5 in [6], {A a } ae A can be diagonalized simultaneously. 
That is, there exists a set of pairwise orthogonal nonzero projections {Pk}k such 
that J2Pk — I, A a = ^Z\k a Pk- We also can suppose that if k\ ^ k 2 , then there 

k k 

exists some a such that Xk 1<a 7^ Xk 2 , a - In fact, if not, we can combine and P k , 2 
into one projection. 

Since £A Q A* < /, we have £ |A fc , Q | 2 < 1 for every fc. Let £ fe = {A feja } aeA G 
/ 2 (A), then ||^|| < 1 for every k. Thus if (£fci>£fc 2 ) = 1, then by Schwarz inequility 
we have ^ = ^ 2 . So by the assumption above, we conclude that ki = k 2 . 
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Now we suppose B G B(H)* r . Then B = ^A a BA* a . So P k BP x = 

a 

(T,h,a\a)PkBPi = (^ k ,^i)P k BPi for every k,l. Thus we have P k BPi = for 

a 

k ^ I. So B = E PkBP k . We conclude that PP fc = P k B and P G V. That is, 

B(/f)* r c r. 

3. Almost sharp quantum effects 

Firstly, let £(H) be the set of self-adjoint operators on H satisfying that < 
A < I. For A G B(H), denote Ker(A) = {x G H \ Ax = 0} and i?on(A) = {Ax | 
x G if}. If A, B G S(H), we call Ao B = A^BA^ the sequential product of ^4 and 
S (see [7-10]). 

Lemma 3.1 ([7-8]). If A, B G £(H), Ao B e P(H), then AB = BA. 

We generalize Corollary 3 in [3] as the following Theorem 3.1. 
Theorem 3.1. Suppose P G P(H), A G 8(H), P or A G T(H), then the 
following conditions are all equivalent: 

(1) Po A G P(H); 

(2) tr(P-A) = tr(Py4PA); 

(3) PA G P(P); 

(4) PA is idempotent. 

Proof. (1)^(3). By Lemma 3.1 we have PA = AP. Thus PA = PAP = 
PoAe P{H). 

(3)=^(4)=^(2) is obvious. 

(2)=Kl). Since PoAe T(H), we have (P o A) 2 G T(H). 

tr(P o A) = tr(PAP) = tr(PA) = tr(PAPA) = tr(PAPAP) = tr((PAPf) = 
tr((P o A) 2 ). 

Since < PoA < I, we have (PoA) 2 < PoA. It follows from tr(PoA-(PoA) 2 ) = 
that P o A = (P o A) 2 . So PoAe P(H). 

Let M be a von Neumann algebra on H. The set of effects in M is £{M) = 
{A G M | < A < I}. The set of projections or sharp effects in M is P(M) = 
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{P G M | P = P* = P 2 }. We denote the usual Murray -von Neumann relations on 
P(M) by ^, >z and ~. 

For A G £(M), defining the negation of A by A' = I - A. if A = PQP for some 
P,QG P(M), we say ^4 is an almost sharp element in M. We say that A is nearly 
sharp if both A and A' are almost sharp ([3]). 

We denote the set of almost sharp elements in M by M as . 

For A G £(M), we denote the projection onto Ran(A) and Ker(A) by Pa and 
respectively. It is easy to know that Pa + N A = I. 

Note that if A G e(M) has the form A = PQP for some P,Q G P(M), then 
P A < P, thus we also have that A = P A QP A ([3]). 

Lemma 3.2 ([3]). Let AeS(M). Then 

(1) . A is almost sharp iff P AA > ^ N A ; 

(2) . A is nearly sharp iff P A a' d and P^/ ^ iV^/; 

(3) . Paa 1 =P a -N a , = I-N a - N a >. 

Now, we generalize Theorem 10 in [3] as the following Theorem 3.2 and Theorem 

3.3: 

Theorem 3.2. Suppose P G P(M), then the following conditions are all equiv- 
alent: 

(1) . P 1 i"; 

(2) . [0,P] CM as . 

Proof. (1)=K2). Suppose < A < P. Then P A < P, N A > P' . Thus 
Paa' < Pa < P ^ P' < N a . That is, P Aj4 ' =< A^- So by Lemma 3.2 we have 
A G M as . 

(2)=K1). Let A = |P, then A G [0, P] C M as . So by Lemma 3.2 we have 
Paa> d ^a- 

It is easy to see that Pa = P, iV^ = P', iV^/ = 0. By Lemma 3.2 we have 
Paa> = Pa- N a , = P. Thus P = Paa 1 ^N a = P' . 

Theorem 3.3. Suppose P G P(M), then the following conditions are all equiv- 
alent: 
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(1) . P~P'; 

(2) . [0,P]U[0,P'] CM as ; 

(3) . If A G £(M), AP = PA, then A = PxQ^Px + P2Q2P2 with P t , Q { G P(M) 
and Pi < P, P 2 < P'. 

Proof. (l)^=>-(2). By Theorem 3.2. 

(2) =K3). Suppose A e £(M), AP = PA. Then A = PAP + P'AP'. Since 
PAP G [0, P] and P'AP' G [0, P'], we have PAP, P'AP' G M as . Thus, we can prove 
the result easily. 

(3) =K2). Suppose < A < P. It is easy to see that AP = PA = A. Thus 
A = P1Q1P1 + P 2 Q 2 P 2 with Pi, Qi G P(M) and P x < P, P 2 < P'. So A = PAP = 
P1Q1P1. That is, A G M as . We conclude that [0,P] C M as . Similarly [0, P'] C M as . 

Let £>[0, 1] be the set of bounded Borel functions on interval [0,1]. Suppose 
A G £(M), h G £[0, 1], < h < 1, then /i(A) G £(M). 

Theorem 3.4. Suppose A G £{M), h G i3[0, 1], < h < 1, h{0) = 0, = 1. 
We have 

(1) - N A < N h ( A ), N A > < N h ( A y, Ph(A)h(A)' < Paa'\ 

(2) . If A is almost sharp, then h(A) is almost sharp; 

(3) . If A is nearly sharp, then h(A) is nearly sharp. 

Proof. (1). If Ax = 0, then h(A)(x) = h(0)x = 0. Thus Ker(A) C Ker(/i(A)). 
That is, < N h[A) . 

If Ax = x, then h{A){x) = h(l)x = x. Thus Ker(I - A) C Ker(7 - /i(A)). 
That is, A^/ < N h ( A y. Thus by Lemma 3.2 we have P A a< = I — N A — N A > > 

I — N h ( A ) — N h ( A y = Ph{A)h{A)'- 

(2) . If A is almost sharp, by Lemma 3.2 we have P AA i -< N A . From (1) we have 
Ph(A)h(A)> < Paa> ■< N A < N h{A) . That is, P h (A)h(Ay d N h{A) . Thus by Lemma 3.2 
again h(A) is almost sharp. 

(3) . If A is nearly sharp, by Lemma 3.2 we have P A A' d N a and Paa> d± N A i. 
From (1) we have P h (A)h(A)> < Paa> d N A < N h{A) and P h ( A)h ( A y < P A a< ~< N A > < 
N h[A y. That is, P h (A)h(A)> di N h ( A ) and P h (A)h(A)> d N h{A y. Thus by Lemma 3.2 
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again h(A) is nearly sharp. 



Let C[0, 1] be the set of continuous functions on interval [0,1]. Suppose h G 
C[0, 1], we say h satisfy kernel condition if the following three conditions hold: 

(1) . 0<h<l; 

(2) . h(0)=0, h(l) = l; 

(3) . h is strictly monotonous. 

Suppose A G £(M), h G C[0, 1] satisfies kernel condition, then it is easy to see 
that h(A) G £(M), hr l G C[0, 1] also satisfies kernel condition and A = 

Theorem 3.5. Suppose A G £(M), h G C[0, 1] satisfy kernel condition. We 
have 

(1) . N A = N h ( A ), N A i = N h ( A y, P AA i = Ph( A )h(A)'', 

(2) . A is almost sharp if and only if h(A) is almost sharp; 

(3) . A is nearly sharp if and only if h(A) is nearly sharp. 

Proof. (1). By Theorem 3.4, we have N A < N h{A) , N A > < N h(Ay , P h ( A ) h ( A y < 
Paa'- Since h(A) G e(M), h~ l G C[0, 1] satisfy kernel condition, and A = h~ l (h(A)), 
by Theorem 3.4 again, we have N A > N h(A) , N A > > N h{Ay , P h ( A ) h ( A y > P AA >. Thus 
the conclusion follows. 

(2) and (3) follow from Lemma 3.2 and (1) immediately. 

Corollary 3.1. Suppose A G £{M), t is a positive number. Then 

(1) . A is almost sharp if and only if A 1 is almost sharp. 

(2) . A is nearly sharp if and only if A t is nearly sharp. 
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